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ABSTRACT
In this paper, we prove a common fixed point theorem for four mappings on fuzzy 3-metric spaces. Our result is an
extension of results of S. H. Cho [2] to fuzzy 2-metric spaces. Also, it is a generalization of a result of S. Sharma [11].

INTRODUCTION

The concept of fuzzy sets was introduced by L. A. Zadeh [13] in1965. To use this concept in topology and analysis,
many authors have extensively developed the theory of fuzzy sets and applications. With the concept of fuzzy sets,
the fuzzy metric space was introduced by I. Kramosil and J. Michalek [8] in 1975. M. Grabiec [5] proved the
contraction principle in fuzzy metric spaces in 1988. Moreover, A. George and P. Veeramani [4] modified the notion
of fuzzy metric spaces with the help of t-norms in 1994. GAahler [3] investigated 2-metric spaces in a series of his
papers. Sharma, Sharma and Iseki [12] investigated, for the first time, contraction type mappings in 2-metric spaces.
Many authors have studied common fixed point theorems in fuzzy metric spaces. Some of interesting papers are Y. J.
Cho [1], George and Veeramani [4], Grabiec [5], Kramosil and Michalek [8] and S. Sharma [11]. S. H. Cho [2] proved
a common fixed point theorem for four mappings in fuzzy metric spaces and S. Sharma [11] proved a common fixed
point theorem for three mappings in fuzzy 2-metric spaces. In this paper we prove a common fixed point theorem for
four mappings in fuzzy 2-metric spaces. Our theorem is an extension of results of S. H. Cho [2] to fuzzy 3-metric
spaces. And also, it is a generalization of result of and S. Sharma [11].

PRELIMINARIES

Now we begin with some definitions:

Definition (2 A): A binary operation *: [0, 1] x [0,1] x [0,1] x [0,1] — [0,1] is called a continuous t-norm if ([0,1],*)
is an abelian topological monodies with unit 1 such that a, * by * ¢; *d = a, * b, * ¢, * d, whenever a; = a, , b; =
b,, ¢, = c, and d; = d,for all ay,a, , by, by, cy,c, and d,, dyare in [0,1].

Definition (2 B): The 3-tuple (X, M, *) is called a fuzzy 3-metric space if X is an arbitrary set, * is continuous t-norm
and M is fuzzy set in X* X [0, o) satisfying the followings

(FM" —1): M(x,y,z,w,0) =0

(FM" —=2):M(x,y,z,w,t) =1,Vt >0

(FM" —3):M(x,y,z,w,t) = M(x,w,z,7y,t) = M(z,w,x,y,t) = - (FM" —4): M(x,y,z,w,t; + t, + t3) =
M(x,y,z,u, t) * M(x,y,u,w, t,) * M(x,u,z,w, t3) * M(x,y,z,w,t,)

Definition (2 C): Let (X, M, *) be a fuzzy 3-matric space. A sequence {x,,} in fuzzy 3-metric space X is said to be
convergent to a point x € X,

Tlli_)noloM(xn,x,a,b,t) =1,foralla,b € Xandt >0

A sequence {x,} in fuzzy 3-metric space X is called a Cauchy sequence, if
lim M(xp4p, Xp,a,b,t) =1, foralla,b € Xandt,p >0

n-oo

A fuzzy 3-matric space in which every Cauchy sequence is convergent is said to be complete.
Definition (2 D): A function M is continuous in fuzzy 3-metric space, iff whenever for all aeX and ¢t > 0.
Xp = X,V = Y, then lim M(x,,y,,a,b,t) = M(x,y,a,t),Va,b€e Xandt >0

n—-oo
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Definition (2 E): Two mappings A and S on fuzzy 3-metric space X are weakly commuting iff M (ASu, SAu, a, b, t) =

M(Au, Su,a,t),Yu,a,b € Xandt > 0.

Definition (2 F): Self mappings A and B of a fuzzy 3 metric space (X.M.A) is said to be compatible, if

lim M(ABx,, BAx,,a,t) =1 for all a€X and t> 0, whenever {x,} is a sequence in X such that

n—-oo

lim Ax, = lim Bx,, = z for some z € X.
n—-oo

n—-oo

MAIN RESULT
Lemma 3.1. M(x,y, z,w,.) is non-decreasing for all x,y,z,w € X.

Proof. Lets,t > 0 be any pointssuchthatt > s. Thent = s+ ? +

t—s
5 "

Hence we have

t—s t—s
+T) > AM(x,y.Z,W,S),M(x,y,z,w,T),M(x,y,z,W.

t—s
2
s
)= M(x,y,z,w,s)
Thus,M(x,y,z,w,t) > M(x,y,z,w,s)

From now on, let (X, M, A)be a fuzzy 2 — metric space with the following condition :
tlim M(x,y,z,w,t) =1forall x,y,z,w € X.

M(x,y,z,w,t) = M(x,y,z,w,s+
t_
2

Lemma 3.2. Let (X, M,A) be a fuzzy 3-metric space. If there exists g € (0,1) such that M(x,y,z,w,qt + 0) =
M(x,y,z,w,t)forall x,y,z,w € X.
withw # x,w= y,w#zandt > Othenx = y ==z

Proof. Since M(x,y,z,w,t) = M(x,y,z,w,qt + 0) = M(x,y,z,w,t) forall t > 0, M(x,y,zw,.) is constant.
Since gim M(x,y,z,w,t) = 1,forallt > 0.Hence,x = y =z.becausew # x,w = y,w # z.

Lemma 3.3. Let (X, M, A)be a fuzzy 3-metric space, and let
lim x,, = x, lim y,, = y, lim u,, = u, lim v,, = v,Then the followings are satisfied .
n—-oo n-oo n—co n-o0o

(1) liminf M(x,,yn,a,b,t) = M(x,y,a,b,t)foralla,b € Xandt = 0.
(2) M(x,y,a,b,t +0) = lim supM(x,, yn,a,b,t)a,b € Xandt > 0.

Proof. (1) Forall a,b € X andt > 0; we have
M(xp, Y, a, b, t) = AM(x,,x,a,b,t), M(Xp, Vi, X, ¥, t); M(y, X, @, b, t))
> AM(xp, x,a,b,t), M(xXp, X, Y, a, t), M(yy, y,a,b,t), M(x,y,a,b,t), M(y,, x,V,t))
which implies
liminf M(x,, y, a,b,t) = A(1,1,1,M(x,y,a,b,t),1) = M(x,y,a,b,t)
foralla,b € Xandt > 0.
(2) Lete > Obegiven. Foralla,b € Xandt > 0, we have

€ €
M(x,y,a,b,t + 2¢) = A(M (x,xn, a,b,z),M(xn,y, a,b,t + e),M(x,y,xn,a,§)>

& & & &

>A (M (xn,x, a, b,z),M (xn,x, v, a, E) ,M(x,, Vn,a,b,t),M (xn,y, Y, 4, 5)'M (yn,y, a, b,§)>
which implies M(x,y,a,b,t + 2&) = limsupM (x,, y,,a, b, t). Letting € —» 0 in the above inequality, we have
M(x,y,a,b,t + 0) = lim supM(x,, y,,a,b,t).
Note that for all a,b € X and t > 0; in general the inequality
M(x,y,a,b,t) = limsupM (x,, v,,a, b, t).is not true, because M (x,y, z,w,.) is left continuous (in general, not right
continuous).
Lemma 3.4. Let (X, M, A) be a fuzzy 3-metric space and let A and B be continuous self mappings of X and [A;B] be
compatible. Let x,, be a sequence in X such that Ax,, » Azand Bx,, - Bz Then ABx,, —» Az.
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Proof. Since A,B are continuous maps, ABx, — Az, BAx, - Bz and so, M (Aan,Az, a, b,g)and

M (BAxn, Bz,a, bg) — 1forall a,b € X and t > 0: Since the pair [A,B] is compatible, (BAxn,AB, a, bg) - 1 for

all a,be X and t > 0: Thus, M(ABx,,Bz,a,t) =
t t t

A <M (Aan,Bz, BAx,,a, 5),M (Aan, BAx,,a, b,g),M (BAxn, Bz, a, b,g))

> A(M (BAxn,Bz,Aan, a, g),M(BAxn,Aan, a, b,%),M(BAxn,Bz, a, b,é)) > 1abe X and t > 0. Hence,
ABx, — Bz.

Theorem 3.5. Let (X, M, A) be a complete fuzzy 2-metric space with continuous t-norm A of H-ype, and let Sand T
be continuous self mappings of X. Then S and T have a unique common fixed point in X if and only if there exist two
self mappings A,B of X satisfying

(1) AX € TX,BX < SX
(2) the pair [4,S] and [B, T] are compatible,
(3) there exists g € (0,1) such that for every x,y,a,b € Xandt > 0,
M(Ax, By, a, b, qt)
> {minM(Sx,Ty,a, b,t), M(Ax,Sx,a,b,t), M(By,Ty,a,b,t), M(Ax, Ty, a, b, t)}. 3.0)
Indeed, A,B, Sand T have a unique common fixed point in X.

Proof. Suppose that S and T have a (unique) common fixed point, say z € X. DefineA: X — X by Ax = zforall
x €X,andB: X —» XbyBx = zforall x € X. Then one can see that (1)- (3) are satisieed. Conversely, assume
that there exist two self mappings A,B of X satisfying conditions (1)- (3). From condition (1) we can construct two
sequences {x,}and {y,} of X suchthat y,,,_; = Tx,,_1 = AXyp_ and y,, = Sxp, = Bxy,_forn=12,.....
Putting x = x,, andy = x,,41 in (3.0), we have that forall a € X and t > 0. In general, we obtain that for all
a € X,t >0andn=1,.2,........

MV, Yns1, & b, qt), M(yp, 1, y,,a,b,t). Thus, foralla € X,t > 0andn=1.2,........

M(yn'yn+1!a! b' t) 2 M(yo,yl,a, b,tin) (31)
We now show that {y,,} is a Cauchy sequence in X.
Lete € (0,1) be given. Since the t-norm A is of H-type, there exists 2 € (0, 1)such that for all m,n € N withm >
nAZ"N(1-2) > (1-e). (3.2)
Since rlll_{gM (yo, y1,a,b, tin) = 1, there exists no€ N such that for all a,b € X and ¢t > 0 with

%E&M (yo,yl, a, b,tin) = 1, forall n ,ny, From(3.1) we have that foralla,b € Xandt > 0,

M(yn,yn+1_ a,b, t) > 1—A4, foralln, n,.
Letm > n = ny.Thenforalla,b € Xandt > 0 we have
M(ym;yn, ar b; t) 2 A(M(yn+1:yn; a! bl 3_1t):A(M(yn+1'yn; ym! al 3_1t); M(y’n_+1; ym; a; b; 3_1t)))
2 A(87((1 = D MGit Y 8,5,3710) ) e (3:3)

Since M(Yp41, Y @, b,37%t) 2 A(M(Yn+2' Yni1 &b, 3726), AM(Yn 2, Yns1, Ym> @ 3726), M (Y12, Ym, @, b, 3_2t))-
from (3.3) we get
M (Y, Vo @, b, ) = A (A22(1 — ), MYpi2 Ymr , b, 3‘2t)).
Inductively, we obtain
MYy Y@, b, t) = AD2 (1 = 1), M (Y, Y, @, b, 3778)) = AP (1 = A) v eee e (3.4)
From (3.2) and (3.4) we get foralla,b € Xandt > 0 M(y,,, Vn,a,b,t) >1—cform > n = ny Thus {y,}isa
Cauchy sequence.
It follows from completeness of X that there exists z € X such that
111er01<)yn = z. Hence ii_}rgyzhl =Txyp1 = AXpp_p = 2.
From Lemma 3.4, ASx,,_1 = Szand BTxy,_1 = TZ ... e e oo .....(3.5)
Meanwhile, foralla € X witha # Szanda # Tz,andt>0
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M(ASx2n41, BT X341, @, b. qt)
M(S5S5%x341, TTSXpn11, @, b, t), M(ASSX3p11, SSSXpnt1, @, b, t), M(BT X941, TT X290 41, @, b, t),}
M(ASX2n+1, TTx2n+1' a, b! t) .
Taking limit as n — oo, and using (3:5), and Lemma 3.5, we have for
alla € Xwitha # Szanda # Tz,andt>0
M(Sz,Tz,a,b,qt + 0)
> minM(Sz,Tz,a,b,t),M(Sz,Sz,a,b,t),M(Tz,Tz,a,b,t),M(Sz,Tz,a,b,t),M(Sz,Tz,a, b,t).
By Lemma 3.2, we have Sz = Tz ...... es cev vee e .. (3.6)
From (3.0) we get foralla € X witha # Szanda # Tz, andt>0
M(Az BTx,,.1,a,b,qt)
> min{M(Sz, TTx,p41,a,t), M(Az,Sz,a,b,t), M(BTX3141, TT X241, @, b, t), M(Az, TTXX3141,a, b, t)}
Taking limit as n — oo, and using (3:5),(3:6) and Lemma 3.3,
M(Az,Tz,a,b,qt + 0)
> min{M(Sz,Tz,a,b,t),M(Az Sz,a,b,t),M(Tz Tz, a,b,t), M(Az, Tz a,b,t)}
> M(Az,Tz, a,b,t).
ByLemma3.2,Az = TZ ..o oo vev vever e . (3.7)
and foralla € X witha # Szanda # Tz,andt>0
M(Az, BTx,,.1,a,b,qt)
> min{M(Sz,Tz,a,b,t),M(Az,Sz,a,b,t),M(Bz,Tz,a,b,t), M(Az,Tz,a,b,t)}
> min{M(Tz,Tz,a,b,t),M(Tz, Tz, a,b,t), M(Bz,Az,a,b,t),M(Tz,Tz,a,b,t)}
> M(Az,Bz,a,b,t).
ByLemma 3.2, AZ = BZ ... et vt vr e et vt e e e e (3.8)
It follows that Az = Bz = Sz = Tz.
Foralla € X witha # Bzanda # z,andt>0
M(Ax,,,Bz,a,b,qt)
> min{M (Sx,,,Tz,a,b,t), M(Axy,, Sx3p,a,b,t), M(Bz,Tz,a,b,t), M(Ax5,, Tz, a,b,t)}
Taking limit as n — oo, and using (3.5), and Lemma 3.3, we have for
alla € X withwitha # Bzanda # z,andt>0
M(z,Bz,a,b,qt + 0)
> min{M(z,Tz,a,b,t),M(z,2,a,b,t), M(Bz,Bz,a,b,t),M(z,Tz,a,b,t)} = M(z,Tz,a,b,t) = M(z,Bz,a,b,t)
and so we have M(z,Bz,a, b, qt) = M(z,Bz,a,b,t), and hence Bz = z.
Thusz = Az = Bz = Sz = Tz, and so z is a common fixed point of A,B, Sand T.
For uniqueness, let w be another common ~xed point of A, B, Sand T.
Then, foralla € X withwitha # zanda # w,andt>0
M(z,w,a,b,qt) = M(Az,Bw,a,b,qt)
> min{M(Sz,Tw,a,b,t),M(Az,Sz,a,b,t), M(Bw,Tw,a,b,t),M(Az, Tw,a,b,t)}
min{M(z,w,a,b,t),M(z,z,a,b,t), M(w,w,a,b,t),M(z,w,a,b,t)}
> M(z,w,a,b,t).
which implies that M(z,w, a, b,qt) = M(z,w,a, b,t) and hence z = w.
This complete the proof of Theorem.

> min{
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